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TWISTING HOPF ALGEBRAS FROM COCYCLE
DEFORMATIONS
NICOLÁS ANDRUSKIEWITSCH; AGUSTÍN GARCÍA IGLESIAS
Abstract. Let H be a Hopf algebra. Any finite-dimensional lifting of V ∈
H
H
YD arising as a cocycle deformation of A = B(V )#H defines a twist in the
Hopf algebra A∗, via dualization. We follow this recipe to write down explicit
examples and show that it extends known techniques for defining twists. We
also contribute with a detailed survey about twists in braided categories.
1. Introduction
Let k be an algebraically closed field of characteristic zero. The classification of
finite-dimensional Hopf algebras is an active area of research, see [A] and references
therein. In particular, significant results on pointed Hopf algebras are available.
The study of more general Hopf algebras is less developed, and new examples could
shed more light on the subject. A specially fruitful approach is that of twisting: This
procedure leaves the algebra structure unchanged and perturbs the comultiplication
by conjugation by a so-called twist; originally due to Drinfeld [Dr], it was adapted
to Hopf algebras in [R].
Given a Hopf algebra H , a twist is an invertible element J ∈ H ⊗H such that
(1 ⊗ J)(id⊗∆)(J) = (J ⊗ 1)(∆⊗ id)(J), (id⊗ǫ)(J) = (ǫ ⊗ id)(J) = 1.(1.1)
Twists for braided Hopf algebras, namely braided twists [Dr, R], are defined anal-
ogously, see Definition 3.5 (i). We present a detailed survey of some well-known
facts abut twist in braided categories, which are hard to find in the literature. We
obtain some new results that contribute to our goal of finding new examples of
Hopf algebras via twisting. We show that if R ∈ HHYD is a braided Hopf algebra,
J ∈ R⊗R is a braided twist and J ∈ H ⊗H is a twist, then
J#J := J1(1) · J
1#J1(2)J
2
(−1) ⊗ J
2
(1) · J
2
(0)#J
2
(2)(1.2)
is a twist for R#H , see Proposition 3.15. We show that many existing examples
can be described in this way.
Twists for group algebras kG, G a finite group, are classified in [Mv], cf. also
[EG2]. See [AEGN] for the analogous result in positive characteristic.
Twists for supergroup algebras, i.e., Hopf algebras R = kG⋉Λ(V ) ∈ SuperVect,
were classified in [AEG]: they arise as J = exp(r/2), r ∈ S2(V ). This is equivalent
to the classification of the twists for triangular Hopf algebras of rank ≤ 2, which
arise as J#1 cf. [AEG, Corollary 3.3.3 & Theorem 5.1.1].
Examples of twists for Hopf algebras of the form B(V )#kG, where V is a quan-
tum linear space over the finite group G with dimB(V ) < ∞, were presented in
[M], extending [AEG]. They arise as JD#J , J a twist for H and a braided twist
JD depending on a certain family of scalars D. We review these examples in §5.1.
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In this article we consider any V ∈ GGYD with dimB(V ) < ∞ and construct
twists for Hopf algebras of the form B(V )#kG or B(V )#kG, extending [M].
Our approach is as follows:
(a) If dimH < ∞, then an invertible J ∈ H ⊗H is a twist if and only if the map
σ : H∗ ⊗H∗ → k, f ⊗ g 7→ (f ⊗ g)(J) is a Hopf 2-cocycle, cf. §3.2.
(b) Let K be a finite-dimensional cosemisimple Hopf algebra, V ∈ KKYD such that
dimB(V ) < ∞ and set K = B(V )#K. Let u be a lifting of V , i.e., gru ≃ K,
where gr u is the graded Hopf algebra corresponding to the coradical filtration.
In all known cases, u is a cocycle deformation of K, that is
u = Kσ, σ a Hopf 2-cocycle.(1.3)
Then the transpose tσ : k → K∗ ⊗ K∗ of σ defines a twist J(σ) = tσ(1) for
A = K∗ ≃ B(V ∗)#K∗.
(c) Let L be a finite-dimensional cosemisimple Hopf algebra and U ∈ LLYD such
that dimB(U) < ∞. We denote by · : L ⊗ U → U , resp. δ : U → L ⊗ U the
action, resp. the coaction. Assume that
A ⊆ L is a Hopf subalgebra,
W ⊆ U is an A-stable, A-co-stable braided subspace,
(1.4)
that is, A ·W ⊆W and δ(W ) ⊆ A⊗W , so that W ∈ AAYD.
Let K = A∗, V =W ∗. If (1.3) holds, then J(σ) is a twist for H = B(U)#L.
In other words, we construct twists by dualizing Hopf 2-cocycles, obtained indi-
rectly from theoretical arguments in lifting theory. This is indeed a fertile source
of Hopf 2-cocycles:
(i) Let Γ be a finite abelian group whose order is not divisible by 2,3,5,7. If u
is a finite-dimensional pointed Hopf algebra with G(u) ≃ Γ, then there exists
V ∈ ΓΓYD such that u is a lifting of V ; all such liftings are classified [AS] and
all of them are cocycle deformations [M2].
(ii) Let K be a cosemisimple Hopf algebra and V a braided vector space of Cartan
type An, with a principal realization in
K
KYD. Then all liftings of V are classified
and all of them are cocycle deformations [AAG]. This last statement holds true
for all V ∈ KKYD of diagonal type [AGI].
(iii) Let G be either S3, S4 or D4t. If u is a finite-dimensional pointed Hopf algebra
with G(u) ≃ G, then there exists V ∈ GGYD such that u is a lifting of V . All such
liftings are classified [AG, GG, FG] and all of them are cocycle deformations
[GMo, FG]. This also holds for certain semidirect products Zp ⋊ Zq [GV].
A setting where (c) above holds is, for instance, when U is a braided vector space
of diagonal type, with a principal realization U ∈ LLYD, so there is Γ ≤ Z(G(H))
such that W = U ∈ AAYD, A = kΓ. If U is of diagonal type, then (1.3) holds.
The paper is organized as follows: In §2 we explain the notation we shall use
throughout the text. In the survey Section 3 we recall the notions of a twist and
Hopf 2-cocycle on a Hopf algebra and their braided analogues. In the braided
setting, in particular, we compile in several lemmata some well-known facts about
braided twists and Hopf 2-cocycles which, however, are hard to find in the literature.
We relate these facts to the Hopf 2-cocycles arising from liftings Hopf algebras in §4
and explain how to produce twists out of a given deformation. In §5 we specialize
this procedure on examples from the theory of pointed and copointed Hopf algebras.
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2. Preliminaries
We set In := {1, . . . , n}, n ∈ N, and omit the subscript when it is clear from the
context. We denote by Sn, resp. An, the symmetric, resp. alternating, group on n
letters. Also, Dn denotes the dihedral group of order 2n. If V is a k-vector space,
then V ⊗n denotes the iterated tensor product of V with itself, n times. We denote
the evaluation by 〈 , 〉V : V
∗⊗ V → k, dropping the subscript when it is clear from
the context. If V,W are finite-dimensional k-vector spaces, then we shall use the
(inverse of the) identification W ∗ ⊗ V ∗
∼
−→ (V ⊗W )∗ given by
g ⊗ f 7−→ (v ⊗ w 7→ 〈f, v〉V 〈g, w〉W , v ∈ V,w ∈W ) , f ∈ V
∗, g ∈W ∗.(2.1)
If G is a group, then Z(G) denotes the center of G and Ĝ the group of characters
(1-dimensional representations) of G. For a k-algebra A, we write A× for the group
of its invertible elements. If C is a coalgebra, then we denote by f ∗ g ∈ Hom(C,A)
the convolution product of f, g ∈ Hom(C,A).
LetH be a Hopf algebra, with multiplicationm, comultiplication∆ and antipode
S (always assumed bijective). We use Sweedler’s notation for comultiplication and
coaction. We denote by Alg(H, k) the group of 1-dimensional representations of H .
We shall denote by H -mod, resp. H -comod the categories of left H-modules, resp.
left H-comodules. Recall that H is said to have the Chevalley property [AEG] when
the tensor product of any two simple H-modules is semisimple. If M ∈ H -mod
and χ ∈ Alg(H, k), then Mχ denotes the isotypic component of type χ. We denote
by G(H) the group of group-like elements of H . If V ∈ H -comod and g ∈ G(H),
then we set Vg = {x ∈ V : x(−1) ⊗ x(0) = g ⊗ x}.
We write H0 for the coradical of H ; (Hn)n≥0 denotes the coradical filtration and
grH = ⊕i≥0Hi/Hi−1 is the associated graded coalgebra; H−1 := 0. If H0 is a Hopf
subalgebra, then grH is a graded Hopf algebra. Recall that H is pointed when
H0 ≃ kG(H) and copointed when H0 is isomorphic to the algebra of functions k
G
of a non-abelian group G [AV].
We denote by HHYD the category of Yetter-Drinfeld modules over H . If V ∈
H
HYD, then the Nichols algebra B(V ) is a graded Hopf algebra in
H
HYD generated
in degree one by V , which is the subspace of its primitive elements. A lifting of V
is a Hopf algebra L such that grL ≃B(V )#H . See [AS] for unexplained notation.
If dimH <∞, then HHYD is rigid: if V ∈
H
HYD, then V
∗ ∈ HHYD with
f(−1)〈f(0), v〉 := S
−1(v(−1))〈f, v(0)〉, 〈h · f, v〉 := 〈 f,S(h) · v〉.(2.2)
for h ∈ H , f ∈ V ∗, v ∈ V . If V is finite-dimensional, then also V ∗ ∈ H
∗
H∗YD via
〈f[−1], h〉〈f[0], v〉 := 〈f, h · v〉, 〈α ⇀ f, v〉 := 〈α, v(−1)〉〈 f, v(0)〉.(2.3)
for α ∈ H∗, h ∈ H , f ∈ V ∗, v ∈ V . As a result, if V ∈ HHYD, then V ∈
H∗
H∗YD via
α ⇀ v = 〈α,S(v(−1))〉v(0), 〈v[−1]), h〉v[0] = S
−1(h) · v.(2.4)
2.1. Braided vector spaces and realizations. Recall that a braided vector
space is a pair (V, c), where V is a vector space and c ∈ GL(V ⊗2) is a braid-
ing, i.e., satisfies the braid equation (c⊗ id)(id⊗c)(c⊗ id) = (id⊗c)(c⊗ id)(id⊗c).
The category HHYD is braided; hence any V ∈
H
HYD becomes a braided vector space.
A realization of (V, c) over H is a structure of Yetter-Drinfeld module on V such
that the braiding c ∈ GL(V ⊗2) coincides with the braiding from HHYD [AG].
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2.1.1. YD-pairs. A Yetter-Drinfeld pair is (g, χ) ∈ G(H) × Alg(H, k) such that
χ(h) g = χ(h(2))h(1) g S(h(3)), h ∈ H . Hence g ∈ Z(G(H)) and k
χ
g := kx ∈
H
HYD with coaction x 7→ g ⊗ x and action h · x = χ(h)x, h ∈ H . Indeed (g, χ)
gives a realization in HHYD of the braided vector space kx with braiding c = χ(g).
Conversely, any one-dimensional Yetter-Drinfeld module over H arises in this way.
2.1.2. Diagonal type. A braided vector space (V, c) is of diagonal type if there is
a basis (xi)i∈Iθ and a braiding matrix q = (qij) ∈ (k
×)θ×θ such that c(xi ⊗ xj) =
qijxj ⊗ xi, i, j ∈ Iθ. A principal realization of (V, c) is a collection (χj , gj)j∈Iθ of
YD-pairs with χi(gj) = qji, i, j ∈ Iθ. Hence V is realized in
H
HYD and
Γ
ΓYD, where
Γ = 〈g1, . . . , gθ〉 ≤ Z(G(H)).(2.5)
Remark 2.1. Set Λ = Γ̂ and let W := V ∗ ∈ kΛ
kΛYD. Then W is the braided vector
space associated to the transpose matrix tq.
2.1.3. Rack type. Let (X,⊲) be a finite rack and q : X×X → k be a rack 2-cocycle,
that is a map (i, j) 7→ qij satisfying
qi,j⊲kqj,k = qi⊲j,i⊲kqi,k, i, j, k ∈ X.
Then (V, cq) is a braided vector space, where V has a basis (xi)i∈X and
cq(xi ⊗ xj) = qij xi⊲j ⊗ xi, i, j ∈ X.
We refer to [AG] for details. A principal Yetter-Drinfeld realization of (X, q) over
a finite group G, cf. [AG, Definition 3.2] is a collection (·, g, (χi)i∈X) where
◦ · is an action of G on X ;
◦ g : X → G is a function such that gh·i = hgih
−1 and gi · j = i⊲ j;
◦ the family (χi)i∈X , with χi : G→ k
∗ satisfies χi(ht) = χi(t)χt·i(h), for all i ∈ X ,
h, t ∈ G, together with χi(gj) = qji, i, j ∈ X .
These data determine a realization of V as an object in kG
kGYD.
Example 2.2. The affine rack Qq,ω, where q is a prime power and ω ∈ F
×
q , is the
set Fq with the rack multiplication i ⊲ j := (1−ω)i+ωj, i, j ∈ Fq. We denote by
Aff(Fb, ω) the braided vector space associated to (Qq,ω,−1).
3. Twists and Hopf 2-cocycles
We recall some well-known facts about twists and Hopf 2-cocycles. We include
poofs of facts largely known in the folklore of the subject for which we could not
find a proof. We fix a Hopf algebra H .
3.1. Twists. An element J ∈ (H ⊗ H)× is a twist if and only if it satisfies (1.1)
[Dr, R]. If J ∈ H ⊗H is a twist, then HJ , the algebra H with the comultiplication
∆J := J∆J−1,(3.1)
becomes a Hopf algebra. Observe that if J is a twist for H and H is a Hopf
subalgebra of a Hopf algebra K, then J is a twist for K. Also, if J is a twist for
H , then J−1 is a twist for HJ and (HJ )J
−1
≃ H . We shall use a Sweedler-type
notation J = J1 ⊗ J2. Also, J−1 := J−1 ⊗ J−2.
When H = kG, G a finite group, twists in are classified up to gauge equivalence,
cf. [Mv, EG2], by conjugacy classes of pairs (S, α), where S < G and α ∈ H2(S, k×)
is non-degenerate. When Γ is an abelian group, the twist J corresponding to the
(class) α ∈ H2(Γ, k×) is given by
Jα =
∑
χ,τ∈Γ̂
α(χ, τ)eχ ⊗ eτ .(3.2)
Here, (eχ)χ∈Γ̂ is a basis of orthogonal central idempotents of kΓ.
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Remark 3.1. We follow [KS, 10.2.3, 10.2.4] to give the definition of twist and the
twisted comultiplication ∆J . This definition differs (though it is equivalent to)
the one considered in [AEG, M]. We prefer ours as it is the one dualizing Hopf
2-cocycles, see §3.2 next. In particular, see Remark 3.4.
The procedure of twisting has the following categorical interpretation given in
[S]; it holds more generally for quasi-bialgebras [EG1].
Theorem 3.2. [EG1, Theorem 6.1] Two finite-dimensional Hopf algebras H and
H ′ are twist equivalent if and only if H -mod and H ′ -mod are tensor equivalent. 
3.2. Hopf 2-cocycles. A Hopf 2-cocycle on H (with values in k) [D] is a convo-
lution invertible linear map σ : H ⊗H → k satisfying
σ(x(1), y(1))σ(x(2)y(2), z) = σ(y(1), z(1))σ(x, y(2)z(2)), x, y, z ∈ H.(3.3)
and normalized by setting σ(x, 1) = σ(1, x) = ǫ(x), x ∈ H . We denote by Z2(H)
the set of normalized Hopf 2-cocycles on H . If σ ∈ Z2(H), then Hσ, the coalgebra
H with multiplication mσ = σ ∗m ∗ σ
−1, is again a Hopf algebra. We refer to Hσ
as a cocycle deformation of H .
Remark 3.3. The Hopf algebra Hσ was originally denoted H
σ in [D] and the map σ
is called a cocycle, also a bialgebra cocycle. This is justified by the fact that when
H is cocommutative, then (3.3) states that σ is a 2-cocycle relative to k in the sense
of [Sw]. We point out that in loc.cit. it is shown that the normalizing condition is
equivalent to setting σ(1, 1) = 1.
When the context is clear, we shall refer to Hopf 2-cocycles as 2-cocycles or
simply cocycles, indistinctly. These objects have been also called multiplicative
cocycles in the literature. The corresponding Hopf algebra Hσ has also been called
a deformation, or a cocycle twist.
Remark 3.4. Let H be a finite-dimensional Hopf algebra and consider the identifi-
cation H ⊗H ≃ (H∗ ⊗H∗)∗, via (2.1). Then J ∈ H ⊗H is a twist if and only if
f ⊗ g 7→ 〈f ⊗ g, J〉, f, g ∈ H∗, defines a Hopf 2-cocycle on H∗.
If H = R#K, R ∈ KKYD, then Z
2
K(H) will denote the set of K-balanced Hopf
2-cocycles, that is the set of those σ ∈ Z2(H) that factor through H ⊗K H → k as
K-bimodule homomorphisms. If G ≤ G(H) is a subgroup, then Z2G(H) := Z
2
kG(H).
3.3. Cleft objects. Let A be a (right) H-comodule algebra, B = AcoH be the
subalgebra of coinvariants. Recall that A is a cleft extension of B if there is an H-
colinear convolution-invertible map γ : H → A cf. [DT]. Such γ is called a cleaving
map and can be chosen so that γ(1) = 1, in which case it is said to be a section
[Mo]. A cleft extension with trivial coinvariants B = k is called a cleft object. We
denote by Cleft(H) the set of (isomorphism classes) of cleft objects for H .
If σ : H ⊗ H → k is a Hopf 2-cocycle, then m(σ) := σ ∗ m is as associative
multiplication on the vector space H , which thus becomes a cleft object for H ,
denoted H(σ), with coaction induced by the comultiplication. Conversely, if A is a
cleft object with section γ : H → A, then it determines a Hopf 2-cocycle σ for H
by setting, cf. [DT, Theorem 11],
σ(x, y) = γ(x(1))γ(y(1))γ
−1(x(2)y(2)), x, y ∈ H.(3.4)
3.4. Braided twists and braided Hopf 2-cocycles. Let (C,⊗,1) be a braided
tensor category, see [EGNO], with braiding (cV,W )V,W∈C . Let (A,mA, uA) be an
algebra and let (C,∆C , ǫC) be a coalgebra in C. If f, g ∈ Hom(C,A), then we
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denote by f ∗ g ∈ Hom(C,A) the convolution product, i.e., the map given by the
commutativity of the diagram:
C
f∗g //
∆C

A
C ⊗ C
f⊗g // A⊗A.
mA
OO
A map f ∈ Hom(C,A) is convolution invertible iff there exists g ∈ Hom(C,A) such
that f ∗ g = g ∗ f = uAǫC . Let also X ∈ C, f ∈ Hom(1, A), h ∈ Hom(X,A). We
define f ⇀ h, h ↼ f ∈ Hom(X,A) by the commutativity of the following diagrams:
X
f⇀h //
≃

A
1⊗X
f⊗h // A⊗A,
mA
OO X
h↼f //
≃

A
X ⊗ 1
h⊗f // A⊗A.
mA
OO
Observe that if X = 1, then ↼=⇀= ∗. If (A,mA), (B,mB) are algebras in C, then
we denote by A⊗B := (A⊗B,mA⊗B) the algebra in C with multiplication
(3.5) mA⊗B = (mA ⊗mB) ◦ (id⊗ cA,B ⊗ id).
Given two coalgebras (C,∆C), (D,∆D) in C, we denote by C⊗D := (C⊗D,∆C⊗D)
the coalgebra in C with comultiplication
(3.6) ∆C⊗D = (id⊗ cC,D ⊗ id) ◦ (∆C ⊗∆D).
Let V,W,U ∈ C and assume V is rigid; we have natural identifications
Hom(U ⊗ V,W ) ≃ Hom(U,W ⊗ V ∗),
Hom(V ∗ ⊗ U,W ) ≃ Hom(U, V ⊗W ),
(3.7)
see [EGNO, Proposition 1.10.9]. For instance, the top equivalence in (3.7) is:
f 7→ (f ⊗ idV ∗) ◦ (idU ⊗ coevV ), g 7→ (idW ⊗ evV ) ◦ (g ⊗ idV )
for f ∈ Hom(U ⊗V,W ), g ∈ Hom(U,W ⊗V ∗). In particular, if V,W ∈ C are rigid,
then for f ∈ Hom(V,W ) formulae (3.7) defines
tf := (evW ⊗ idV ∗) ◦ (idW∗ ⊗f ⊗ idV ∗) ◦ (idW∗ ⊗ coevV ) ∈ Hom(W
∗, V ∗)(3.8)
These equivalences also give (V ⊗W )∗ ≃W ∗ ⊗ V ∗; with evaluation e˜vV⊗W :
W ∗ ⊗ V ∗ ⊗ V ⊗W
idW∗ ⊗ evV ⊗ idW // W ∗ ⊗ 1⊗W ≃W ∗ ⊗W
evW // 1;(3.9)
compare with (2.1).
Let (R,m,∆) be a Hopf algebra in C with R rigid; then (3.8) defines morphisms
tm ∈ Hom(R∗, R∗ ⊗R∗) and t∆ ∈ Hom(R∗ ⊗R∗, R∗).(3.10)
It follows that (R∗, t∆, tm) is again a Hopf algebra in C.
Definition 3.5. Let (R,m,∆) be a Hopf algebra in C.
(i) A braided twist is an invertible morphism J ∈ Hom(1, R⊗R) that satisfies
(uR ⊗ J ) ∗ ((id⊗∆) ◦ J ) = (J ⊗ uR) ∗ ((∆⊗ id) ◦ J ) ,
(id⊗ǫ) ◦ J = (ǫ⊗ id) ◦ J = uR.
(3.11)
When J ∈ Hom(1, R⊗R) is a braided twist, the algebraR admits a comultiplication
∆J := J ⇀ ∆ ↼ J−1,(3.12)
and becomes a new braided Hopf algebra, denoted RJ .
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(ii) A braided Hopf 2-cocycle is a convolution invertible σ ∈ Hom(R⊗R,1) with
(σ ⊗ ǫ) ∗ (σ ◦ (m⊗ id)) = (ǫ⊗ σ) ∗ (σ ◦ (id⊗m)) ,
σ ◦ (uR ⊗ id) = σ ◦ (id⊗uR) = ǫ.
(3.13)
Here the first equality is in Hom(R⊗
3
,1) cf. (3.6) while in the second we identify
R ≃ R ⊗ 1 ≃ 1 ⊗ R. If σ ∈ Hom(R ⊗ R,1) is a braided Hopf 2-cocycle, then the
coalgebra R admits an algebra structure given by
mσ := (uR ◦ σ) ∗m ∗ (uR ◦ σ
−1),(3.14)
and becomes a new braided Hopf algebra, denoted Rσ. Indeed, (3.13) assures that
mσ is associative and it follows that ∆ : Rσ → Rσ ⊗ Rσ is still an algebra map.
As in the linear setting, we shall refer to braided Hopf 2-cocycles as braided
2-cocycles or braided cocycles, indistinctly.
Let (R,m,∆) ∈ C be a Hopf algebra. Let J , resp. σ, be a braided twist, resp.
Hopf 2-cocycle, on R. Since the multiplication, resp. the comultiplication, remains
unchanged in RJ , resp. Rσ, it follows that there are tensor-equivalences
R -mod ≃ RJ -mod, R -comod ≃ Rσ -comod,
compare with Theorem 3.2.
Assume that R is rigid. If J ∈ Hom(1, R ⊗ R), then (3.8) defines a morphism
tJ ∈ Hom(R∗ ⊗R∗,1) (identifying 1∗ ≃ 1). Conversely, if σ ∈ Hom(R⊗R,1), we
get tσ ∈ Hom(1, R∗ ⊗R∗). The following is straightforward from the definitions.
Proposition 3.6. Let R ∈ C be rigid.
(i) A morphism σ ∈ Hom(R ⊗R,1) is a braided 2-cocycle on R if and only if
tσ ∈ Hom(1, R∗ ⊗R∗) is a braided twist for R∗.
(ii) A morphism J ∈ Hom(1, R ⊗ R) is a braided twist for R if and only if
tJ ∈ Hom(R∗ ⊗R∗,1) is a 2-cocycle on R∗.
These constructions are dual to each other. 
3.5. Braided cleft objects. The notion of cleft object from cf. §3.3 is readily
extended to the braided setting, see [AF]. We fix R ∈ C a braided Hopf algebra
and a right R-comodule algebra E , with coaction ρ : E → E ⊗ R. In turn, the
coinvariants are defined as the equalizer of the diagram:
EcoR

 ι // E
ρ //
id⊗uR
// E ⊗R
see [AF, Proposition 1.2]; note that equalizers exists in our category C as we assume
that it is abelian. Then E is a braided cleft extension of EcoR if there is a convolution
invertible morphism of comodules γ ∈ Hom(R, E) [AF, Definition 1.1]. Hence a
braided cleft object is a braided cleft extension with EcoR ≃ 1. As in the standard
case, there is a one-to-one correspondence between cleft objects E and braided Hopf
2-cocycles on R, see [AF, Theorem 1.3]. In particular, if γ : E 7→ R is a section, the
corresponding braided 2-cocycle on R is
σ = (mE ◦ (γ ⊗ γ)) ∗
(
γ−1 ◦mR
)
.(3.15)
3.6. Braided twists and braided cocycles in HHYD. We are mainly interested
in C = HHYD. We review the definitions in §3.4 in this context.
Let R ∈ HHYD be a Hopf algebra. We denote by ·, resp. δ, the corresponding
H-action, resp. H-coaction. Now, the product in (3.5) reads
(r ⊗ s)(r′ ⊗ s′) = r(s(−1) · r
′)⊗ s(0)s, r, r
′, s, s′ ∈ R.(3.16)
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Also, recall that the vector space R ⊗H becomes a Hopf algebra, denoted R#H ,
with multiplication and comultiplication given by, for r, r′ ∈ R, h, h′ ∈ H :
(r#h)(r′#h′) = r(h(1) · r
′)⊗ h(2)h
′;
∆(r#h) = r(1)#r(2)(−1)h(1)#r(2)(0)h(2).
(3.17)
If R ∈ HHYD, then we identify Hom(k, R ⊗R) ≃ R ⊗R, via f 7→ f(1).
Proposition 3.7. Let R ∈ HHYD be a Hopf algebra.
(i) A braided twist for R is an invertible element J ∈ R⊗R satisfying
δ(J ) = 1⊗ J , h · J = ǫH(h)J , h ∈ H ;(3.18)
J 1 ⊗ J1(J2(−1) · J
2
(1))⊗ J
2
(0)J
2
(2) = J
1(J2(−1) · J
1
(1))⊗ J
2
(0)J
1
(2) ⊗ J
2;(3.19)
(ǫ ⊗ id)(J ) = (id⊗ǫ)(J ) = 1.(3.20)
Here J = J1 ⊗ J2 stands for another copy of J = J 1 ⊗ J 2.
(ii) A braided 2-cocycle for R is a linear map σ ∈ Hom(R ⊗ R, k) which is
convolution invertible and satisfies
r(−1)s(−1)σ(r(0), s(0)) = σ(r, s)uH , σ(h(1) · r, h(2) · s) = ǫ(h)σ(r, s),(3.21)
σ(x, 1) = σ(1, x) = ǫ(x) and(3.22)
σ(x(1), x(2)(−1) · y(1))σ(x(2)(0)y(2), z)(3.23)
= σ(y(1), y(2)(−1) · z(1))σ(x, y(2)(0)z(2)).
Proof. (i) Let J˜ ∈ Hom(k, R ⊗ R) be a braided twist for R, as in (3.11) and set
J = J˜ (1) ∈ R⊗R, under the identification Hom(k, R⊗R) ≃ R⊗R. Then (3.18)
is equivalent to the fact that J˜ is a morphism in HHYD. On the other hand, (3.19)
and (3.20) are (3.11) in this context.
(ii) Is analogous: if σ ∈ Hom(R⊗R, k) is a braided 2-cocycle, then (3.21) means
that σ is a morphism in HHYD while (3.22) and (3.23) are equivalent to (3.13). 
Remark 3.8. If J ∈ R ⊗ R is a braided twist, the comultiplication ∆J on the
braided Hopf algebra RJ ∈ HHYD cf. (3.12) becomes
∆J (r) = J 1(J 2(−2) · r(1))(J
2
(−1)r(2)(−1) · J
−1)⊗ J 2(0)r(2)(0)J
−2.(3.24)
Now, we can form the bosonization RJ#H cf. (3.17), which is a (standard) Hopf
algebra. We denote its multiplication ∆J by abuse of notation: by (3.24):
(3.25) ∆J (r#1) = J 1(J 2(−2) · r(1))(J
2
(−2)r(2)(−2) · J
−1)#J 2(−1)r(2)(−1)J
−2
(−1)
⊗ J 2(0)r(2)(0)J
−2
(0) #1, r ∈ R.
We fix R ∈ HHYD finite-dimensional. We identify (R⊗R)
∗ ≃ R∗⊗R∗ as in (3.9),
with evaluation map e˜v := e˜vR⊗R given by
〈f ⊗ g, x⊗ y〉 = 〈f, y〉〈g, x〉, f, g ∈ R∗, x, y ∈ R.(3.26)
Fix a pair of (linear) dual bases {ri}i∈I and {r
i}i∈I of R and R
∗. In particular,
{ri ⊗ rj}i,j∈I and {r
j ⊗ ri}i∈I is a pair of dual basis of R⊗ R and R
∗ ⊗R∗. Now
Proposition 3.6 in this setting reads as follows.
Proposition 3.9. Assume R ∈ HHYD is finite-dimensional.
(i) A morphism σ ∈ Hom(R⊗R, k) is a braided 2-cocycle on R if and only if
tσ(1) ∈ R∗ ⊗R∗, x⊗ y 7→ σ(y ⊗ x), x, y ∈ R
is a braided twist for R∗.
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(ii) An element J ∈ R⊗R is a braided twist for R if and only if
tJ ∈ Hom(R∗ ⊗R∗, k), f ⊗ g 7→ (g ⊗ f)(J ), f, g ∈ R∗
is a braided 2-cocycle for R∗.
These constructions are dual to each other. 
Proof. This is a direct transcription of Proposition 3.6, by interpreting (3.8) in this
context. If σ ∈ Hom(R ⊗R, k) then tσ ∈ Hom(k, R∗ ⊗R∗) is the composition
1 7→
∑
i,j∈I
ri ⊗ rj ⊗ r
j ⊗ ri 7→
∑
i,j∈I
σ(ri ⊗ rj)r
j ⊗ ri,(3.27)
so it maps x⊗ y 7→
∑
i,j∈I σ(ri ⊗ rj)〈r
j , x〉〈ri, y〉 = σ(y⊗x) for every x, y ∈ R. On
the one other hand, it follows from Propositions 3.6 (i) and 3.7 (i) that the element
tσ(1) ∈ R∗ ⊗R∗ is a braided twist. Hence (i) follows.
For (ii), we identify J ∈ R ⊗ R with J˜ ∈ Hom(k, R ⊗ R) via J˜ (1) = J . Now,
(3.9) yields a morphism tJ := tJ˜ ∈ Hom(R∗ ⊗R∗, k) by
f ⊗ g 7→ f ⊗ g ⊗ J 7→ 〈f ⊗ g,J 〉 = 〈g,J 1〉〈f,J 2〉 = (g ⊗ f)(J ), f, g ∈ R∗.
Hence (ii) follows from Propositions 3.6 (ii) and 3.7 (ii). 
3.7. The finite-dimensional setting. Along this subsection, we fix a Hopf al-
gebra H of finite dimension. We fix, as well, a finite-dimensional Hopf algebra
R ∈ HHYD and set A = R#H . Let J be a braided twist for R ∈
H
HYD and F a
twist for A. We show how to construct a twist J#F for A in Proposition 3.15.
Recall that we can consider R∗ as an object in H
∗
H∗YD, cf. (2.3). We begin with
a remark on the Hopf algebra structure of R∗ ∈ HHYD described in (3.10).
Remark 3.10. Letm, resp. ∆, denote the multiplication, resp. the comultiplication,
of R ∈ HHYD. The bialgebra structure for R
∗ ∈ HHYD in (3.10) is given by, cf. (3.26):
〈f(1) ⊗ f(2), x⊗ y〉 = f(yx), 〈fg, x〉 = 〈g, x(1)〉〈f, x(2)〉,(3.28)
for f, g ∈ R∗, x, y ∈ R. Hence the bialgebra structure for R∗ ∈ H
∗
H∗YD is, see (2.4):
〈f(1) ⊗ f(2), x⊗ y〉 = f(xy), 〈fg, x〉 = 〈f, x(1)〉〈g, x(2)〉.(3.29)
Lemma 3.11. (i) A morphism σ ∈ Hom(R ⊗ R, k) is a braided 2-cocycle on
R if and only if
J (σ) ∈ R∗ ⊗R∗, 〈J (σ), x ⊗ y〉 = σ(x, y), x, y ∈ R(3.30)
is a braided twist for R∗ ∈ H
∗
H∗YD.
(ii) An element J ∈ R⊗R is a braided twist for R if and only if
σJ ∈ Hom(R
∗ ⊗R∗, k), f ⊗ g 7→ (f ⊗ g)(J ), f, g ∈ R∗(3.31)
is a braided 2-cocycle for R∗ ∈ H
∗
H∗YD.
These constructions are dual to each other.
Proof. (i) By Proposition 3.9, tσ(1) ∈ R∗ ⊗ R∗, given by x ⊗ y 7→ σ(y, x), defines
a braided twist for R∗ ⊗ R∗ in HHYD. In particular, it satisfies (3.18). By (2.4),
we see that J (σ) ∈ R∗ ⊗ R∗ in (3.30) satisfies (3.18) in H
∗
H∗YD. Now, on the one
hand, (3.20) is automatic. On the other, J (σ) satisfies (3.19) in H
∗
H∗YD since
tσ(1)
satisfies (3.19) in HHYD by Remark 3.10. (ii) is analogous. 
Corollary 3.12. An invertible element J = J 1 ⊗ J 2 ∈ R ⊗ R is a braided twist
for R ∈ HHYD if and only if J21 := J
2 ⊗ J 1 is a braided twist for R in H
∗
H∗YD.
Proof. Combine Lemma 3.11 with Proposition 3.9. 
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The next result is stated in [GMa, §4.1].
Lemma 3.13. Let σ be a braided 2-cocycle on R. The assignment
x#g ⊗ y#h 7−→ σ(x⊗ g · y)ǫ(h), x, y ∈ R, g, h ∈ H.(3.32)
determines an H-invariant Hopf 2-cocycle on A.
Proof. Given the Hopf algebra structure on A cf. (3.17), (3.3) readily follows. In-
deed, let x, y, z ∈ R, g, h, k ∈ H . Set x = x#g, y = y#h, z = z#k. Then
σ(x(1),y(1))σ(x(2)y(2), z) becomes
σ(x(1)#x
(2)
(−1)g(1), y
(1)#y
(2)
(−1)h(1))σ((x
(2)
(0)#g(2))(y
(2)
(0)#h(2)), z)
= σ(x(1), x
(2)
(−1) · (g(1) · y)
(1))σ(x
(2)
(0)(g(1) · y)
(2), g(2)h · z)ǫ(k)
(3.23)
= σ((g(1) · y)
(1), (g(1) · y)
(2)
(−1) · (g(2)h · z)
(1))σ(x, (g(1) · y)
(2)
(0)(g(2)h · z)
(2))ǫ(k)
∗
= σ(g(1) · y
(1), g(2)y
(2)
(−1)h(1) · z
(1))σ(x, g(3) · y
(2)
(0)g(4)h(2) · z
(2))ǫ(k)
= σ(y(1), y
(2)
(−1)h(1) · z
(1))σ(x, (g(1) · y
(2)
(0))(g(2)h(2) · z
(2)))ǫ(k).
We use the YD-condition in (*). On the other hand, σ(y(1), z(1))σ(x,y(2)z(2)) is
σ(y(1)#y
(2)
(−1)h(1), z
(1)#z
(2)
(−1)k(1))σ(x, (y
(2)
(0)#h(2))(z
(2)
(0)#k(2)))
= σ(y(1), y
(2)
(−1)h(1) · z
(1))σ(x, g · (y
(2)
(0)h(2) · z
(2)))ǫ(k).
Hence (3.3) holds using that both σ and the multiplication in R are H-linear. 
Remark 3.14. The proof of Lemma 3.13 does not use that σ is H-colinear, i.e., that
σ(r, s) = σ(r(0), s(0))r(−1), s(−1), cf. (3.21).
The next proposition shows how to construct the bosonization J#F of a braided
twist J for R ∈ HHYD and a twist F for A.
Proposition 3.15. Let J be a braided twist for R ∈ HHYD. Then
J#1 := J 1#J 2(−1) ⊗ J
2
(0)#1(3.33)
is a twist for A = R#H. In particular, RJ#H ≃ AJ#1.
More generally, if F is a twist for H, then
J#F := FJ = F 1(1) · J
1#F 1(2)J
2
(−1) ⊗ F
2
(1) · J
2
(0)#F
2
(2)(3.34)
is a twist for A, with (RJ#H)F ≃ AJ#F .
Proof. The braided twist J determines a braided 2-cocycle for R∗ in H
∗
H∗YD, via
f ⊗ g 7→ 〈f ⊗ g,J 〉, f, g ∈ R∗, cf. Lemma 3.11; so (3.32) defines a 2-cocycle for A∗:
f#α⊗ g#β 7→ 〈f ⊗ α · g,J 〉 = 〈f,J 1〉〈α · g,J 2〉 = 〈f,J 1〉〈α,J 2(−1)〉〈g,J
2
(0)〉
and thus J = J 1#J 2(−1) ⊗ J
2
(0)#1 is a twist for A. If we write the inverse of J as
J −1 ⊗ J −2, then it follows that J−1 = J−1#1 := J−1#J −2(−1) ⊗ J
−2
(0) #1.
To see that RJ#H ≃ AJ , we check that the (linear) identity id : RJ#H ≃ AJ
is a coalgebra morphism, as multiplication remains unchanged on both sides, and
coincides with that of R#A cf. (3.17). On the one hand, it is easy to see that
J∆(h) = ∆(h)J , using that J is H-invariant. In other words, ∆J|H = ∆|H . On the
other, it readily follows that ∆J(r#1) is given by (3.25). Indeed,
∆J (r#1) = (J#1)∆(r#1)(J −1#1)
= (J 1#J 2(−1))(r(1)#r(2)(−1))(J
−1#J −2(−1))⊗ J
2
(0)r(2)(0)J
−2
(0) #1
and the claim follows using (3.17).
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Let F ∈ H ⊗H be a twist for H . Now, H ⊆ AJ is a Hopf subalgebra and thus
F becomes a twist for AJ and (AJ )F is again a Hopf algebra. Observe that the co-
multiplication in this new Hopf algebra is determined by ∆′(−) = FJ∆(−)(FJ)−1.
We shall show that FJ is a twist i.e., it satisfies (1.1). In this setting this is
(1⊗ F )(1⊗ J)(id⊗∆)(F )(id⊗∆)(J) = (F ⊗ 1)(J ⊗ 1)(∆⊗ id)(F )(∆ ⊗ id)(J).
Hence, it suffices to check the identities
(1⊗ J)(id⊗∆)(F ) = (id⊗∆)(F )(1 ⊗ J),
(J ⊗ 1)(∆⊗ id)(F ) = (∆⊗ id)(F )(J ⊗ 1)
which follow as H-invariance gives J∆(h) = ∆(h)J , for every h ∈ H . 
4. Twists and liftings
We fix throughout this section a finite-dimensional connected graded Hopf al-
gebra R = ⊕n≥0R
n ∈ HHYD generated by V = R
1. We assume that H is finite-
dimensional cosemisimple and set A = R#H . Hence A is a quotient of T (V )#H .
Consider the canonical projection and inclusion Hopf algebra maps A
π // H
ι
oo ,
cf. (3.17). As a result, R = AcoH = {x ∈ A : (id⊗π)∆(x) = x ⊗ 1} and the
map ϑ : A→ R, x 7→ x(1)ιπS(x(2)) defines a projection onto R. See [AS, §1.5] for
details. We recall that the comultiplication ∆R : R→ R ⊗R can be recovered as
∆R(r) = (ϑ⊗ id)∆(r#1) = r(1)ιπS(r(2))⊗ r(3).(4.1)
Let E ∈ Cleft(A) be such that E is also a quotient of T (V )#H and the section
γ : A → E satisfies γ|H ∈ Alg(H,E). This class of cleft objects naturally appears
when considering lifting Hopf algebras as cocycle deformations, see [A+].
Let ρ : E → E ⊗ A denote the coaction. We recall from [A+, §5.4] that in this
setting E is an H-cleft object via π and
E = EcoH = {a ∈ E : (id⊗π)ρ(a) = a⊗ 1} ∈ H -mod
is an algebra such that E = E#H , identifying H with its image via T (V )#H ։ E.
This is not necessarily an algebra in HHYD.
The map p : E → E, a 7→ a(0)γ
−1ιπ(a(1)) defines a projection onto E , [A+,
Remark 5.6 (a)]. Moreover, as H is semisimple, γ(hxk) = γ(h)γ(x)γ(k) for every
h, k ∈ H , x ∈ A, and the section restricts to a morphism γ|R : R → E in H -mod
cf. [A+, Proposition 5.8 (b, c)].
Observe that E ⊗R is an algebra in H -mod with multiplication
(a⊗ x)(b ⊗ y) = a(x(−1) · b)⊗ x(0)y, a, b ∈ E , x, y ∈ R.
Some additional properties of E ∈ H -mod are studied in the next lemma.
Lemma 4.1. E is an R-comodule algebra in H -mod with R-coaction
̺(a) = p(a(0))⊗ a(1) = a(0)γ
−1(ιπ(a(1)))⊗ a(2).
The restriction γ|R : R→ E is an R-colinear isomorphism.
Proof. We see that ̺(E) ⊆ E⊗R since ρ(p(a)) = a(0)γ
−1(ιπ(a(3)))⊗ϑ(a(2)), a ∈ E.
Now we check that ̺ is coassociative, using (4.1):
(̺⊗ id)̺(a) = a(0)γ
−1(ιπ(a(1)))⊗ a(2)S(ιπ(a(3)))⊗ a(4) = (id⊗∆R)̺(a).
On the other hand, we have (id⊗ǫ)̺(a) = p(a) = a, as a ∈ E . Thus ̺ defines a
coaction. The last assertion follows since pγ = γϑ. Indeed,
γϑ(x) = γ(x(1)ιπS(x(2))) = γ(x(1))ιπS(x(2)) = γ(x(1))γ
−1ιπ(x(2)) = pγ(x),
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using that γ is H-invariant. Hence,
̺(γ|R(x)) = p(γ(x#1)(0))⊗ γ(x#1)(1) = pγ(x
(1)#x
(2)
(−1))⊗ x
(2)
(0)#1
= γϑ(x(1)#x
(2)
(−1))⊗ x
(2)
(0)#1 = γϑ(x
(1))⊗ x(2).
Thus γ|R is R-colinear and the lemma follows. 
If A = R#H and E ∈ Cleft(A) as above, then the corresponding Hopf 2-cocycle
σ ∈ Z2(A), cf. §3.3, is such that σ|H⊗H = ǫ ⊗ ǫ. We shall study this class of Hopf
2-cocycles in Proposition 4.2. Given any σ ∈ Z2(R#H), we consider the map
σR : R⊗R→ k, x⊗ y 7→ σ(x#1, y#1), x, y ∈ R.(4.2)
The following result, with a different formulation, is stated in [GMa, §4.1]; see also
[ABM1, Lemma 4.5 & Theorem 4.10]. We set
Z2(R)0 = {σ : R⊗R→ k convolution invertible, H-linear maps
that satisfy (3.22) and (3.23)}.
Hence Z2(R) = {σ ∈ Z2(R)0 : σ is H-colinear}. The elements in Z
2(R)0 have
been considered in [ABM1, Definition 4.7], with the name of unital 2-cocycles; in
loc.cit. the set Z2(R)0 is denoted Z
2
H(R, k).
Proposition 4.2. Let σ ∈ Z2(R#H) be such that σ|H⊗H = ǫ⊗ ǫ. Then
(i) σ ∈ Z2H(R#H).
(ii) σR ∈ Z
2(R)0.
(iii) The map Z2(R)0 → Z
2
H(R#H) as in (3.32) is an inverse to the map (4.2).
Proof. Let E = A(σ) ∈ Cleft(A) be the corresponding cleft object. Then, the
(linear) identity induces a section γ : A→ E with γ|H ∈ Alg(H,E); hence γ is H-
linear. In particular, γ(h)γ(x) = γ(hx) = γ(h(1)x#S(h(2))h(3)) = γ(h(1) · x#h(2)).
Thus, using (3.4):
σ(r#t, s#1) = γ(r(1)#r(2)(−1)t(1))γ(s(1)#s(2)(−1))γ
−1((r(2)(0)#t(2))(s(2)(0)#1))
= γ(r(1)#r(2)(−1))t(1)γ(s(1)#s(2)(−1))γ
−1(r(2)(0)t(2) · s(2)(0)#t(3))
= γ(r(1)#r(2)(−1))γ(t(1) · s(1)#t(2)s(2)(−1)S(t(4)))γ
−1(r(2)(0)t(3) · s(2)(0)#1)
= γ(r(1)#r(2)(−1))γ(t(1) · s(1)#(t(2) · s(2))(−1))γ
−1(r(2)(0)(t(2) · s(2))(0)#1)
= σ(r#1, t · s#1).
Thus (i) follows. For (ii), it is clear that σR satisfies (3.22). Next, we observe that
(3.3) becomes (3.23) when specialized in x#1, y#1, z#1 ∈ A, hence (3.13) also
holds. Finally, we use again that σR is a convolution of H-linear, thus it is H-linear.
(iii) follows from Lemma 3.13, using Remark 3.14. 
Remark 4.3. The map σR in (4.2) is not necessarily a braided Hopf 2-cocycle in
H
HYD, that is σ(r(−1), s(−1))r(0)s(0) = σ(r, s), r, s ∈ R, cf. (3.21) does not hold in
general, see Example 5.3.
Moreover, let V be a braided vector space of diagonal type with dimB(V ) <∞
and let Γ be an abelian group with a principal YD-realization V ∈ kΓ
kΓYD. Every
lifting of V arises as cocycle deformations of B(V )#H [AGI]. However, R = B(V ) ∈
kΓ
kΓYD admits no nontrivial deformations, see [AKM, Theorem 6.4].
We now consider the element J (σ) ∈ R∗ ⊗R∗ given by
x⊗ y 7−→ σ(x, y), x, y ∈ R.(4.3)
Recall the structure of braided Hopf algebra of R∗ ∈ H
∗
H∗YD cf. (3.29). We denote
by δ : R∗ → H∗ ⊗R∗, resp. δ(2) : R∗ ⊗R∗ → H∗ ⊗R∗ ⊗R∗, the coactions.
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Corollary 4.4. Let σ ∈ Z2(R#H) be such that σ|H⊗H = ǫ⊗ ǫ. Then
(i) J (σ) ∈ (R∗ ⊗R∗)coH
∗
, i.e., δ(2)(J (σ)) = 1⊗ J (σ).
(ii) J (σ) satisfies (3.19) and (3.20).
(iii) J (σ) is a braided twist if and only if
α · J (σ) = α(1)J (σ), α ∈ H∗.(4.4)
Proof. (i) follows by (2.3), as σR is H-linear. For (ii), we follow the lines of (the
proof of) Proposition 3.9. As in loc.cit. we fix a pair of (linear) dual bases {ri}i∈I
and {ri}i∈I of R and R
∗. Then, cf. (3.27):
J ′ =
∑
i,j∈I
σ(ri ⊗ rj)r
j ⊗ ri ∈ R∗ ⊗R∗.
satisfies (3.19) and (3.20) for the braided bialgebra R∗ ∈ HHYD and so J (σ) satisfies
(3.19) and (3.20) for R∗ ∈ H
∗
H∗YD by Remark 3.10. (iii) is by Definition 3.5. 
Remark 4.5. The element J (σ) ∈ (R∗ ⊗ R∗)coH
∗
does not necessarily satisfy the
identity h · J (σ) = ǫ(h)J (σ), h ∈ H , cf. Remark 4.3.
4.1. The lifting context. Next we specify our results to the setting (1.3) from the
Introduction, to produce twists of the form J (σ) from Hopf 2-cocycles σ attached
to liftings of finite-dimensional Nichols algebras.
More precisely, we fix a finite-dimensional cosemisimple Hopf algebra L and
U ∈ LLYD such that dimB(U) < ∞. We set H = B(U)#L. We fix A ≤ L a Hopf
subalgebra and W ⊆ U a braided subspace as in (1.4), so W ∈ AAYD.
We set R = B(W ∗) ∈ A
∗
A∗YD, K = R#A
∗. We assume (1.3) holds: i.e., there
is σ ∈ Z2(K) such that u = Kσ, so the transpose J(σ) =
tσ(1) of σ is a twist for
K∗ ≃B(W )#A, hence for B(U)#L; here we identify R∗ ≃ B(W ).
Assume that σ|A∗⊗A∗ = ǫ and consider the map σR : R⊗R→ k from (4.2). We
fix J (σ) ∈ R∗⊗R∗ ≃ B(W )⊗B(W ) as in (4.3). Recall that J (σ) is not necessarily
a braided twist, cf. Corollary 4.4. We set, following (3.33):
J (σ)#1 = J (σ)1#J (σ)2(−1) ⊗ J (σ)
2
(0)#1.
Proposition 4.6. The twist J(σ) satisfies J(σ) = J (σ)#1.
Proof. If x, y ∈ B(W ) and a, b ∈ A, then
〈J(σ), x#a, y#b〉 = σ(x#a, y#b) = σ(x, a · y) = 〈J (σ), x⊗ a · y〉,
by the definitions of J(σ) = tσ(1) and J (σ) = tσR(1), together with the fact that
σ ∈ Z2A∗(R#A
∗), by Proposition 4.2. On the other hand, we have that
〈J (σ), x ⊗ a · y〉 = 〈J (σ)1, x〉〈J (σ)2, a · y〉 = 〈J (σ)1, x〉〈J (σ)2(−1), a〉〈J (σ)
2
(0), y〉
as the evaluation is A-colinear, and thus the claim follows. 
Example 4.7. Let L be a Hopf algebra and let U be a braided vector space with a
principal realization U ∈ LLYD; let Γ ≤ Z(G(L)) be as in (2.5).
We consider the following setting:
(i) Let kΓ ⊆ A ⊆ L be a finite-dimensional cosemisimple Hopf algebra.
(ii) LetW ⊆ U be a braided subspace of diagonal type such that the realization
U ∈ LLYD restricts to W ∈
A
AYD, with dimB(W ) <∞.
(iii) Let u be a lifting of W ∗ ∈ A
∗
A∗YD.
Then there is σ ∈ Z2(A) inducing a twist J (σ)#1 for H = B(U)#L. Indeed,
u ≃ Aσ is a cocycle deformation by [AGI] and thus Proposition 4.6 applies.
(iv) Assume that (4.4) holds (here H = A∗) and let J be a twist for A.
Then J (σ)#J is a twist for H, by Proposition 4.6. See also §5.2.
14 ANDRUSKIEWITSCH; GARCÍA IGLESIAS
5. Examples
In this section we apply the ideas from §4 to suitable settings.
5.1. Twists in quantum linear spaces. Recall that a particularly fit setting for
our approach of dualizing Hopf 2-cocycles is that of a braided vector space V of
diagonal type, as explained in §1. This includes the case when V is quantum linear
space, which is the setting considered in [M]. We review this construction to show
that it fits into the setting of Example 4.7.
Fix θ ∈ N, I = Iθ. Let (V, c) be a quantum linear space with basis (xi)i∈I and
braiding matrix (qij)i,j∈I with respect to this basis; set Ni = ord(qii) ∈ N. Let G
be a finite group such that there is a principal realization V ∈ kG
kGYD and fix Γ ≤ G
as in (2.5). The setting in [M] is:
(i) Let F be a group such that Γ ≤ F ≤ G.
(ii) Let W ⊆ V be an F -stable sub-object in ΓΓYD.
(iii) Let D = (ξi)i∈I ∪ (aij)i6=j∈I be an F -invariant family of scalars compatible
with W cf. [M, (3.13)–(3.15)].
(iv) Let JF = J
1
F ⊗ J
2
F be a twist for F .
Out of this data, a twisting A(V,G,W,F, JF ,D) of B(V )#kG is built in [M, The-
orem 3.6]. We obtain the following, see §5.1.3 for a proof.
Proposition 5.1. There is σ ∈ Z2(B(W )#kΓ) such that
A(V,G,W,F, JF ,D) =
(
B(V )#kG
)J (σ)#JF
.
5.1.1. YD-pairs. We start by constructing twists in the case θ = 1, which corre-
sponds to a YD-pair (g, χ) associated to a Hopf algebra H . Let V = kχg ∈
H
HYD
and set H = B(kχg )#H . Also, set q = χ(g), N = ord(q).
The next proposition is well-known, see e.g. [M, Example 4.6], also [GMa, §5.3.1].
Proposition 5.2. Let ξ ∈ k. Then a twist for H is defined as
Jξ = 1⊗ 1 + ξ
N−1∑
k=1
1
(N − k)q!(k)q!
xkgN−k ⊗ xN−k.(5.1)
Proof. Let n := ord(g) and set Γ = 〈g〉 ≃ Cn, so V can be realized in
Γ
ΓYD.
Set B = B(V )#kΓ = k[x]#kΓ/〈xN 〉. Let d ∈ V ∗ be such that d(x) = 1 and
τ ∈ Ĉn ≃ Cn be a generator. If y = d#ǫ, h = ǫ#τ , then B
∗ ≃ k[y]#kΓ̂/〈yN 〉 ≃ B.
Observe that yr(xsgt) = (r)q !δr,s.
Now, any lifting of V ∗ is of the form u(ξ) = k[y]#kΓ/〈yN − ξ(1 − hN )〉, ξ ∈ k.
Moreover, u(ξ) is a cocycle deformation of B∗ and the corresponding Hopf 2-cocycle
σξ cf. [GMa, §5.3 1.] is given by
σξ(y
ihk, yjhl) = δi+j,0 + ξq
jkδi+j,N(5.2)
which coincides with the evaluation 〈yihk⊗yjhl, Jξ〉, Jξ as in (5.1). Thus Jξ ∈ B⊗B
is a twist for B, hence for H. 
Example 5.3. In the notation of Proposition 5.2, let σ = σξ : B
∗ ⊗ B∗ → k be as
in (5.2), with ξ 6= 0. Recall that B∗ ≃ R#kΓ, for R = k[y]/〈yN〉 and consider the
corresponding map σR : R⊗R→ k cf. (4.2). Then
y(−1)y
N−1
(−1)σ(y(0)y
N−1
(0) ) = g
Nσ(y, yN−1) = ξ gN .
Hence we see that the right hand equation in (3.21) does not hold if N 6= n
i.e., σR is not a braided cocycle in
H
HYD. An example of this situation is given if
H = kΓ, Γ = Cn, n even. Indeed, we choose generators g ∈ Γ and τ ∈ Γ̂ ≃ Γ.
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If χ = τ2, then N = ord(q) = n2 . We recall that σR does satisfy the remaining
conditions in (3.21)–(3.23), by Proposition 4.2.
Corollary 5.4. Assume gN = 1. Pick ξ ∈ k so that ξ = 0 if χN 6= ǫ and set
Jξ = 1⊗ 1 + ξ
N−1∑
k=1
1
(N − k)q!(k)q!
xk ⊗ xN−k ∈ B(kχg )⊗ B(k
χ
g ).
Then Jξ is a braided twist for B(k
χ
g ) and Jξ = Jξ#1.
Proof. This is Proposition 4.6: notice that (4.4) holds. 
5.1.2. Quantum linear spaces. Recall the setting (i)–(iv) from p. 14. On the one
hand, D defines a braided twist for B(W ) in ΓΓYD [M, Theorem 3.7]:
JD =
∏
i∈I
Jξi
∏
i6=j∈I
expqij (aijxi ⊗ xj),
Jξi as in (5.1), for x = xi, and expqij (aijxi ⊗ xj) =
∑Ni
n=0
(aijqji)
n
(n)!q
aijx
n
i ⊗ x
n
j . On
the other, kG is a braided Hopf algebra in ΓΓYD, with trivial module and comodule
structure; hence R(V,G) := B(V ) ⊗ kG is a braided Hopf algebra in ΓΓYD. More
precisely, if v, v′ ∈ B(V ), g, g′ ∈ G, then
(v♯g)(v′♯g′) = vv′♯gg′, ∆(v♯g) = v(1)♯g ⊗ v(2)♯g.(5.3)
We denote v♯g := v ⊗ g ∈ R(V,G). Then a braided twist for R(V,G) ∈ ΓΓYD is
JD,F = J
1
D♯J
1
F ⊗ J
2
D♯J
2
F = (J
1
D♯1⊗ J
2
D♯1)(1♯J
1
F ⊗ 1♯J
2
F ),
cf. [M, Lemma 4.1]. Set R(V,G) = R(V,G)#kΓ and, cf. [M, (3.10)],
ĴD,F = J
1
D,F#J
2
D,F (−1) ⊗ J
2
D,F (0)#1 ∈ R(V,G)
⊗2.
Now, consider the Hopf ideal
I = 〈1♯h#1− 1♯1#h|h ∈ Γ〉 ⊆ R(V,G)(5.4)
identifying the “two copies” of Γ and let JD,F = ĴD,F +I, the class of ĴD,F modulo
I. Then JD,F is a twist for B(V )#kG and(
B(V )#kG
)JD,F
= A(V,G,W,F, JF ,D) := R(V,G)
JD,F#kΓ/I.
This is the content of [M, Theorem 3.6]. When W = V , F = G, JF = 1F = 1 ⊗ 1,
this twisted algebra is denoted A(V,G,D).
Remark 5.5. In [M, §4, p. 430], (5.3) is mistyped as (v♯g)(v′♯g′) = v g · v′♯gg′ but
this does not define a braided Hopf algebra structure in B(V )⊗kG. This does not
affect the results in loc.cit.
Fix σ ∈ Z2Γ(B(V
∗)#kΓ). Let J(σ), resp. J (σ), be the twist J(σ) for B(V )#kΓ,
resp. the braided twist for B(V ) ∈ kΓ
kΓYD, cf. Proposition 4.6. Set JD := JD,1F .
Lemma 5.6. There is σ ∈ Z2(B(W )#kΓ) such that JD = J (σ). Hence
A(V,G,W,F, 1F ,D) =
(
B(V )#kG
)J(σ)
.
In particular, the algebras A(V,G,D) can be obtained in this way.
Proof. Observe that A(V,G,W,F, 1F ,D) ≃ A(V,G,W,Γ, 1F ,D). Indeed,
A(V,G,W,F, 1F ,D) = (B(V )⊗ kG)
JD,1F #kΓ/I
≃ (B(V )⊗ kG)
JD,1Γ #kΓ/I = A(V,G,W,Γ, 1Γ,D).
Hence we may assume F = Γ. Set A(V,G,W,Γ, 1F ,D) =: A and B = B(W )#kΓ,
so B∗ ≃ B(W ∗)#kΓ. We have that JD := JD,1F = J
1
D#J
2
D(−1) ⊗ J
2
D(0)#1 as
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in Proposition 3.15 and thus the transpose of JD determines a Hopf 2-cocycle
σ ∈ Z2Γ(B
∗). Thus A =
(
B(V )#kG
)J(σ)
and JD = J (σ) by Proposition 4.6. 
5.1.3. Proof of Proposition 5.1. By Lemma 5.6 and Proposition 3.15 we can set:
A(V,G,W,F, 1F ,D)
JF =
(
B(V )#kG
)J (σ)#JF
.
The next corollary shows that this is indeed the algebra A(V,G,W,F, JF ,D).
Set A = A(V,G,W,F, JF ,D). Recall the ideal I in (5.4), we identify
kG ≃ 1♯kG#1/I ⊆ A(V,G,W,F, JF ,D), g 7→ 1♯g#1 + I.(5.5)
It follows that the comultiplication in this subalgebra coincides with ∆JF and thus
(kG)JF is a Hopf subalgebra. In particular J−1F defines a twist for A.
On the other hand, A ≃
(
B(V )#kG
)JD,F
and thus
AJ
−1
F ≃
(
B(V )#kG
)J−1
F
JD,F (∗)
≃
(
B(V )#kG
)JD
,
as J−1F ĴD,F + I = ĴD,1F + I = JD, via the identification (5.5). 
A family D = (ξi)i∈I∪(aij)i6=j∈I as in p. 13 is called q-symmetric if aij = −qijaji,
i, j ∈ Iθ. If D̂ = {qijaji − aij |1 ≤ i 6= j ≤ θ} ∪ {ξi|i ∈ Iθ}, then D̂ is q-symmetric.
The following corollary answers [M, Question 4.1].
Corollary 5.7. Assume D̂ is G-invariant. Then A(V,G,D) ≃B(V )#kG.
Proof. Recall that A = A(V,G,D) = A(V,G, V,Γ, 1G,D). Now, as in Lemma 5.6,
the braided twist JD determines a Hopf 2-cocycle for B = A
∗ ≃ B(V ∗)#kΛ, Λ = Γ̂.
Let {y1, . . . , yθ} be the dual basis of V
∗.
There are are families of scalars λ = (λij)i6=j∈Iθ and µ = (µi)i∈Iθ [AS] such that
Bσ = u = T (V )#kΓ/I(λ,µ) where the Hopf ideal I(λ,µ) is generated by
yiyj − qijyjyi−λij(1 − χiχj), y
Ni
i −µi(1− χ
Ni
i ), i 6= j ∈ Iθ.
The product in Bσ is given by yi ·σ yj = σ(yi, yj)(1−χiχj), i, j ∈ Iθ, while the Hopf
2-cocycle σ is such that cf. [M, (3.18)], if 1 < a, b < Ni, then for some ca ∈ k
×:
σ(yi, yj) = 〈yi ⊗ yj,JD〉 = aij σ(y
a
i , y
b
i ) = 〈y
a
i ⊗ y
b
i ,JD〉 = δa+b,Nicaξi.
Hence it follows that λij = aij − qijaji and µi = ξic1. Thus, as D̂ is G-invariant,
λijχiχj = λij and µiχ
Ni
i = µi. Therefore, Bσ ≃ B and thus A ≃B(V )#kG. 
5.2. Diagonal braidings. Let q be an Nth root of 1, some N ≥ 2. We follow
the lines of Example 4.7 for a concrete braided vector space V of Cartan type A2
with parameter q. That is, V =
(
k{x1, x2}, c
q
)
with q =
(
q q−2
q q
)
. Let H be
a cosemisimple Hopf algebra such that V ∈ HHYD via a principal YD-realization
(χi, gi)i∈I2 ; Γ = 〈g1, g2〉 ≤ Z(G(H)), set H = B(V )#H . In particular, V ∈
kΓ
kΓYD
and every lifting of V is a cocycle deformation H′σ of H
′ = B(V )#kΓ and hence it
determines a twist J(σ) = J (σ)#1 both for H′∗ ≃ H′ and H.
Examples of such H are the group algebras kGℓ, for Gℓ := CℓN × CℓN , ℓ ∈ N.
Also, assume N satisfies b = 2N+1, where b := pn, p ∈ N an odd prime, n ∈ N. Let
G = GLm(Fb) × GLm(Fb), some m ∈ N, so G = G2 ≤ Z(G) and this determines
a realization V ∈ GGYD, which restricts to V ∈
G
GYD. In this setting, consider the
inclusion Am →֒ GLm(Fb), m ≥ 4, and set B = kAm. A twist J for Am so that
BJ is not cocommutative is considered in [GN, Example 2.7]. If (4.4) holds, then
J (σ)#J is a twist for H.
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5.2.1. Towards an explicit formula for twists and cocycles. An explicit Hopf 2-
cocycle is constructed in [GMa, §5.3 1.] for a quantum line, cf. (5.2). Another
example is constructed in [ABM1, Proposition 5.9] for a quantum plane, and later
generalized to quantum linear spaces in [ABM2, Theorem 3.9]. In the non-diagonal
case, a Hopf 2-cocycle is defined in [GMa], see (5.10) below.
Recall the section γ involved in the presentation of the liftings cf. Lemma 4.1.
The Hopf 2-cocycles, hence the twists, can be computed explicitly if an expression
of γ is given. We develop this idea in a particular case: when V is of Cartan type
A2 with parameter q = −1 i.e., V = (k{x1, x2}, c
q), with q =
(
−1 1
−1 −1
)
; hence
B(V ) = k〈x1, x2|x
2
1, x
2
2, x
2
12〉,
here x12 = x1x2−x2x1. We setH = B(V )#H . Any lifting is a cocycle deformation
of H and defines a cleft object E = E(λ), for some λ = (λ1, λ2, λ12) ∈ k
3. Set
y12 = y1y2 − y2y1. Then E = E#H , cf. [AAG], with
E = E(λ) = k〈y1, y2|y
2
1 − λ1, y
2
2 − λ2, y
2
12 − λ12〉.(5.6)
We write x1, x2 for another copy of the basis of V and consider the canonical
algebra projections τ : T (V )#H ։ E, resp. π : T (V )#H ։ H, so xi = π(xi),
yi = τ(xi), i = 1, 2. In both cases we identify H with its image via the projection.
The algebras B(V ) and E have PBW bases {xa2x
b
12x
c
1|0 ≤ a, b, c < 2} and
{ya2y
b
12y
c
1|0 ≤ a, b, c < 2}, respectively. We consider the linear map H → E de-
fined on the corresponding bases via:
xa2x
b
12x
c
1h 7−→ y
a
2y
b
12y
c
1h, 0 ≤ a, b, c < 2, h ∈ H.(5.7)
In particular, γ|H ∈ Alg(H,E), with convolution inverse h 7→ S(h).
Lemma 5.8. The k-linear map γ : H → E defined by (5.7) is a section.
Proof. It follows that γ is a comodule morphism since the coaction ρ : E → E ⊗H
is induced by the comultiplication of T (V )#H via ρ = (τ ⊗ π) ◦∆T (V ). As γ|H is
convolution invertible, then γ is so, by [T, Lemma 14]. 
Since σ =
(
m ◦ (γ ⊗ γ)
)
∗
(
γ−1 ◦m
)
cf. (3.4), Lemma 5.8 allows us to compute
the values σ(x, y), x, y ∈ H. We compute some if them in the next example.
Example 5.9. It readily follows that γ−1(xi) = xig
−1
i , i = 1, 2. Also, we can see
that γ−1(x12) = −(y12 + 2y2y1)g
−1
12 . Hence, a straightforward computation yields:
σ(xi, xj) = δi,jλi, i = 1, 2; σ(x12, x12) = λ12.
5.3. Non-abelian examples. We fix n = 3 or n = 4 and set H = kSn , A = kSn.
LetX = (12)Sn be the conjugacy class of transpositions; V = k{yη : η ∈ X} ∈
H
HYD
with action and coaction
δτ · yη = δτ,ηyσ, yη 7→
∑
ω∈Sn
sign(ω)δω ⊗ yω−1ηω, τ ∈ Sn, η ∈ X.(5.8)
The corresponding Nichols algebra B(V ) is denoted FKn; it is finite-dimensional.
Proposition 5.10. A twist for FKn#k
Sn is given by:
Jn = 1⊗ 1 +
∑
ω∈Sn
sign(ω)
∑
η,τ∈X
yηδω ⊗ yω−1τω.(5.9)
Proof. We have that V ∗ ∈ AAYD is the YD-module k{xη : η ∈ Xn} with
τ · xη = |τ |xτητ−1 , xη 7→ η ⊗ xη, τ ∈ Sn, η ∈ X.
18 ANDRUSKIEWITSCH; GARCÍA IGLESIAS
Also, B(V ∗) ≃ FKn as algebras and {yη}, {xη} are dual bases of V , V
∗. A
non-trivial cocycle σ ∈ Z2(FKn#kSn, k
×) is described in [GMa]:
σ(xτω, xτ ′ω
′) = sign(ω), σ(ω, ω′) = 1, σ(·, ·) = 0 elsewhere.(5.10)
Hence the transpose of σ determines a twist for FKn#k
Sn given by (5.9). 
Set Jn = 1⊗ 1 +
∑
η,τ∈X yη ⊗ yτ ∈ FKn ⊗FKn.
Corollary 5.11. Let Jn be as in (5.9). Then Jn = Jn#1.
Proof. This is Proposition 4.6. 
The following example is of a different nature.
Example 5.12. Assume n = 4. If J is a twist for A = kS4 (no examples if n = 3),
then J = 1#J is also a twist for H = FK4#kS4. Such a twist J is considered
in [GN, Remark 3.8]: it is lifted from a twist for the subgroup C2 × C2 ≤ S4, via
the formula (3.2). Let A = HJ , so AJ ⊆ A is a cosemisimple Hopf subalgebra.
Moreover, the authors show in loc.cit. that AJ is not cocommutative, hence neither
are A, A∗. They also show that G(AJ ) ≃ D4, so D4 ≤ G(A), and that it projects
onto kS3, hence so does A. In particular, k
S3 ⊆ (A∗)0 is a subalgebra. 
Let u be the unique (up to isomorphism) non-trivial lifting of V ∈ AAYD [AG].
Corollary 5.13. Set O := (FK3#k
S3)J3 , then O ≃ u∗. The Hopf algebra O is
not pointed, not copointed, not quasitriangular, not coquasitriangular and it has the
Chevalley property.
Proof. On the one hand, u is a cocycle deformation of FK3 [GMo] and the Hopf 2-
cocycle is given by evaluating J as in (5.9) cf. [GMa]. On the other, O∗ is a pointed
Hopf algebra with coradical S3 and O is not graded (as a Hopf algebra), hence it
follows from [AG, Theorem 3.8] that O ≃ u∗. As an algebra O ≃ B(V )#kS3 , the
comultiplication in O is given by ∆J (−) = J∆(−)J−1. The set of (non-isomorphic)
simple O-modules is given by {Sη : η ∈ S3}, where Sη ≃ k{δη} ⊆ O. In particular,
it follows from these formulas that
Sη ⊗ Sτ ≃ Sητ 6≃ Sτη, η 6= τ.
Hence O is not quasitriangular. The product of two simple O-modules is again
simple, thus O has the Chevalley property. This does not hold for u-modules,
as the product of two simple modules is not semisimple, but indecomposable. In
particular, the coradical ofO is not a subalgebra (plus, u has a simple 2-dimensional
module [G]). Also, u is not quasitriangular [G]. 
5.3.1. Abelian extensions. Let kG →֒ H ։ kF be an abelian extension. Assume
there is V ∈ HHYD such that the coaction factors through V → k
G ⊗ V →֒ H ⊗ V
so V ∈ k
G
kG
YD. Set H = B(V ∗)#kG and let u be a pointed Hopf algebra over
kG which is a cocycle deformation u = Hσ, then σ gives rise to a twist J(σ) for
B(V )#H . See Lemma 5.15 below for a concrete example of this.
We recall that two subgroups F,G of a group Σ form a matched pair if the
multiplication F × G → Σ is an isomorphism. Every extension kG →֒ H ։ kF
arises from a matched pair of groups (G,F ) and certain maps α : G× F × F → k,
β : G×G× F → k, so that H ≃ kG ∗α,β kF , see [M1].
Example 5.14. (a) Letm = 2, 3 and Cm ≤ S3 be either C2 = 〈(12)〉 or C3 = 〈(123)〉.
Then (Cm, S3) is a matched pair of groups and Σ = Cm ⋊ S3.
(b) Consider Cn+1 = 〈(12 · · ·n+1)〉 ≤ Sn+1, Sn = {ω|ω(n+1) = n+1} ≤ Sn+1.
Then (Sn, Cn+1) is a matched pair with Cn+1Sn = Sn+1.
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Lemma 5.15. Let G = S3 and V ∈
k
G
kG
YD be as in §5.3. Consider the matched pair
of groups (Cm, G) as in Example 5.14 (a). If H = k
G ∗ kCm is the corresponding
abelian extension, then V ∈ HHYD.
Proof. Consider the (right) action ⊳: S3 × Cm → S3, (η, f) 7→ f
−1ηf . Then
the product in the group Σ is given by (f, η)(g, τ) = (fg, (η ⊳ g)τ), f, g ∈ Cm,
η, τ ∈ kG. We define an H-module structure on V by setting f ·yη = yη⊳f−1 . Now,
we extend coaction V → kG⊗V from (5.8) to V → H⊗V via the natural inclusion.
Then V ∈ HHYD. Indeed, if δ denotes the coaction,
(ad(f)⊗ f ·_) ◦ δ(yη) =
∑
ω∈S3
|ω|fδωf
−1 ⊗ f · yω−1ηω
=
∑
ω∈S3
|ω|δω⊳f−1 ⊗ y(ω−1ηω)⊳f−1
(∗)
=
∑
ω∈S3
|ω|δω ⊗ yω−1(η⊳f−1)ω = δ(f · yη).
Equality (*) follows by replacing ω with ω ⊳ f−1 as |ω| = |ω ⊳ f−1|. 
Remark 5.16. Consider the matched pair (Sn, Cn+1) from Example 5.14 (b). There
is a unique extension H ≃ kSn ∗ kCn+1 cf. [M1, Theorem 8.1]. However, if V is as
in §5.3, then there is no YD-structure on V extending that of kSn .
Example 5.17. Let J be as in (5.9). By Lemma 5.15, J extends to a twist for
E = FK3#H and thus a new Hopf algebra E
J arises.
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